We prove that there exist no complete vertical graphs in M 2 ×R with extrinsic curvature bounded from above by a negative constant, when M 2 is a Riemannian surface with a pole and non negative curvature.
Introduction.
In 1964, Efimov proved that no complete surface can be C 2 -immersed in the Euclidean 3-space R 3 if its extrinsic curvature K ext is bounded from above by a negative constant (see [3] , [8] ). This generalized Hilbert's classical result which stated that no complete smooth immersion exists with negative constant extrinsic curvature in R 3 . Efimov's theorem has been tried to extend in several ways (see [4] , [10] , [9] ). In this sense, not much is known about the behaviour of the extrinsic curvature of a complete surface in product spaces M 2 × R (see [1] , [5] ). In this paper we prove that there exist no entire vertical graphs with extrinsic curvature bounded from above by a negative constant in M 2 × R, where M 2 is a Riemannian surface with a pole and with non negative curvature K M . In our arguments we use Heinz's ideas, who showed this result when R 3 is the ambient space (see [7] 
Proof. From (1) we can write
Using the Green theorem and integrating by parts one gets
where we have used that
. On the other hand, using again the Green theorem one obtains
We observe that
Moreover, it is easy to check
Using formulae (4)- (6) we have
Finally, by adding (3) and (7), we obtain (2).
Recall that a point p 0 in a manifold M Proof. Differentiating f twice and using Lemma 2 one has
Since K M ≥ 0, it is clear from Remark 2.1 that the following inequality holds
Thus, using that K ext ≤ −α for a certain positive constant α f (r) ≥ −2
by Lemma 1. From the last inequality
By integrating both sides of the above inequality one gets
where 0 < < r. Thus,
It is clear from the definition of f that f ( ) → 0 when → 0, hence
and so
Let R 1 and R 2 be real numbers such that 0 < R 1 < R 2 . By integrating we have on one hand
On the other hand, since K M ≥ 0, from the volume comparison theorem we have |B r | ≤ πr 2 , and one has from the above inequality
So, by Lemma 1
that is,
with R 2 an arbitrary real value.
We observe that if M . Here, the function G(ρ) will be defined later.
Let Σ be a rotation surface in M 2 × R parametrized by
where k(r) > 0 and z(r) are smooth functions, and r denotes the arc length parameter of the curve β(r) = Ψ(r, 0).
If we denote by {∂ r , ∂ θ } and {∂ ρ , ∂ θ } the respective partial derivatives of Σ and M 2 we have
So from (8) , the induced metric in our surface is given by
and its second fundamental form is
Hence, the principal curvatures of Σ can be written as
and the extrinsic curvature of the graph is
By differentiating (8) we have k (r)k (r) + z (r)z (r) = 0, and so (9) becomes the following ODE for k
Now we take, for instance, the function G(ρ) = ρ 4 e ρ 4 and impose that the extrinsic curvature of Σ is constant −1.
Under these conditions, (10) becomes
Now, let k(r) be a solution of the previous ODE with initial conditions k(0) = k 0 > 0, k (0) = 0, where k 0 is a positive value which will be determined later.
